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Divisibility and Modular Arithmetic

Division

DEFINITION 1

EXAMPLE 1

If a and b are integers with a # 0, we say that a divides b if there is an integer ¢ such that
b = ac, or equivalently, if g is an integer. When a divides b we say that a is a factor or divisor
of b, and that b is a multiple of a. The notation a | b denotes that a divides b. We write a f b
when a does not divide b.

Remark: We can express a | b using quantifiers as Ic(ac = b), where the universe of discourse
is the set of integers.

In Figure 1 a number line indicates which integers are divisible by the positive integer d.

Determine whether 3 | 7 and whether 3 | 12.

Solution: We see that 3 } 7, because 7/3 is not an integer. On the other hand, 3 | 12 because
12/3 = 4. |



THEOREM 1 Let a, b, and c be integers, where a # 0. Then

(i) ifa|banda | c,thena | (b+ ¢);
(ii) if a | b, then a | bc for all integers c;
(iii) ifa |band b | c,thena | c.

COROLLARY 1 If a, b, and c are integers, where a # 0, such thata | band a | ¢, then a | mb + nc whenever
m and n are integers.

The Division Algorithm

THEOREM 2 THE DIVISION ALGORITHM Let a be an integer and d a positive integer. Then there
are unique integers g and r, with 0 < r < d, such thata = dg +r.



DEFINITION 2 Inthe equality given in the division algorithm, d is called the divisor, a is called the dividend,

g 1s called the quotient, and r is called the remainder. This notation is used to express the
quotient and remainder:

g=adivd, r=amodd.

EXAMPLE 3 What are the quotient and remainder when 101 is divided by 11?

Solution: We have
101 =11-9 4 2.

Hence, the quotient when 101 is divided by 11 is 9 = 101 div 11, and the remainder is
2 =101 mod 11. <



Modular Arithmetic

DEFINITION 3 If a and b are integers and m is a positive integer, then a is congruent to b modulo m if
m divides a — b. We use the notation a = b (mod m) to indicate that a i1s congruent to
b modulo m. We say that a = b (mod m) 1s a congruence and that m 1s its modulus (plural
moduli). If ¢ and b are not congruent modulo m, we write a # b (mod m).

THEOREM 3  Let a and b be integers, and let m be a positive integer. Then a = b (mod m) if and only
if a mod m = b mod m.

EXAMPLE 5 Determine whether 17 is congruent to 5 modulo 6 and whether 24 and 14 are congruent modulo 6.

Solution: Because 6 divides 17 —5 = 12, we see that 17 =5 (mod 6). However, because
24 — 14 = 10 is not divisible by 6, we see that 24 # 14 (mod 6). <



THEOREM 4 Let m be a positive integer. The integers a and b are congruent modulo m if and only if there
is an integer k such thata = b + km.

Proof: If a =b (mod m), by the definition of congruence (Definition 3), we know that
m | (a — b). This means that there 1s an integer k such that a — b = km, so that a = b + km.
Conversely, if there is an integer k such that a = b + km, then km = a — b. Hence, m divides
a — b, so thata = b (mod m). <

THEOREM 5  Let m be a positive integer. If a = b (mod m) and ¢ = d (mod m), then

a+c=b+d (modm) and ac = bd (mod m).



Proof: We use a direct proof. Because a = b (mod m) and ¢ = d (mod m), by Theorem 4 there
are integers s and ¢ with b = a + sm and d = ¢ 4 tm. Hence,

b+d=@@+sm)+(c+tm)=(a+c)+m(s+1)
and

bd = (a + sm)(c+tm) =ac +m(at + cs + stm).
Hence,

a+c=b+d (modm) and ac = bd (mod m). 4

EXAMPLE 6 Because 7 =2 (mod 5) and 11 = 1 (mod 5), it follows from Theorem 5 that
1I8=74+11=2+1=23 (mod5)
and that

77=7-11=2-1=2 (mod 5).



COROLLARY 2  Letm be a positive integer and let a and b be integers. Then
(a+b)modm = ((amodm) + (b mod m)) mod m
and

abmodm = ((amod m)(bmod m)) mod m.

Arithmetic Modulo m

We can define arithmetic operations on Z,,, the set of nonnegative integers less than m, that is,
the set {0, 1, ..., m — 1}. In particular, we define addition of these integers, denoted by +,, by

a—+m, b= (a—+ b)modm,

where the addition on the right-hand side of this equation is the ordinary addition of integers,
and we define multiplication of these integers, denoted by -, by

a-mb=(@a-b)modm,



EXAMPLE 7  Use the definition of addition and multiplication in Z,, to find 7 4+;1 9and 7 .11 9.

Solution: Using the definition of addition modulo 11, we find that
7+119=(+9 mod1l =16 mod 11 =5,

and
7119=(7-99mod 11 =63 mod 11 = 8.

Hence 74119 =5and 7 -1; 9 = 8.

The operations +,, and -, satisfy many of the same properties of ordinary addition and
multiplication of integers. In particular, they satisfy these properties:

Closure If a and b belong to Z,,, then a +,, b and a -,,, b belong to Z,,.

Associativity If a, b, and ¢ belong to Z,, then (a +,, b)+ync=a+, (b+, c) and
(@ mb) mec=a-y, (b yc).

Commutativity If ¢ and b belong to Z,,, thena +,, b =b +,,aanda -,, b = b -, a.



Identity elements The elements O and 1 are identity elements for addition and multiplication
modulo m, respectively. That is, if a belongs to Z,,,, thena +,,0 =0+,,a =a anda -, 1 =
1-,a=a.

Additive inverses If a # 0 belongs to Z,,, then m — a 1s an additive inverse of @ modulo m and
0 is its own additive inverse. Thatisa +,, (im —a) =0and 0 +,, 0 = 0.

Distributivity If a, b, and ¢ belong to Z,,, then a -,,, (b +,, ¢) = (a -y, b) +, (a -y, ¢) and
@+mb) mc=(@-mc)+mb-yo).

Integer Representations and Algorithms

Representations of Integers

THEOREM 1 Let b be an integer greater than 1. Then if n is a positive integer, it can be expressed uniquely

in the form
_ k k—1
n=ab" +a,_1b + -4+ a1b + aop,

where k is a nonnegative integer, ag, ai, ..., ax are nonnegative integers less than b, and
ar # 0.



EXAMPLE 1 Whatis the decimal expansion of the integer that has (1 0101 1111); as its binary expansion?

Solution: We have

(10101 1111), =1-2 4+ 0.2"+1-2°+ 0.2> +1.2%
+1-2341-2241-2"4+1.2Y=351. <

Theorem 1 is called the base b expansion of n.'

s~ A =

Primes and Greatest Common Divisors

Primes

DEFINITION 1T  An integer p greater than 1 is called prime if the only positive factors of p are 1 and p.
A positive integer that is greater than 1 and is not prime is called composite.

Remark: The integer n is composite if and only if there exists an integer a such that a | n and
Il <a<n.



THEOREM 1 THE FUNDAMENTAL THEOREM OF ARITHMETIC Every integer greater than 1
can be written uniquely as a prime or as the product of two or more primes where the prime
factors are written in order of nondecreasing size.

Example 2 gives some prime factorizations of integers.

EXAMPLE 2 The prime factorizations of 100, 641, 999, and 1024 are given by

100=2-2.5-5 =252,

641 = 641,

999 =3.3.3.37=33.37,

1024 =2-2-2-2-2.2.2.2.2.2=219,



